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Equations of Motion of a Quasisteady Flight Vehicle
Utilizing Restrained Static Aeroelastic Characteristics

William P. Rodden* and J. Richard Lovet}
Northrop Corporation, Pico Rivera, California

Mean axes provide the usual reference in maneuvering and dynamic response analyses of flexible vehicles. At-
tached or structural axes have also been used because the flexibility characteristics of the structure are only deter-
mined for a restrained structure. If the structural axes are employed, a relationship is required for the orienta-
tions of the structural axes relative to the mean axes, since the equations of motion determine the orientations of
the mean axes. If this relationship is not considered, as it has not been in a number of publications, the solution
to the equations of motion of the structural axes is not invariant with the choice of support configuration used in
the calculation of the structural flexibility influence coefficients and is, therefore, incorrect. This relationship
and the correct equations of motion for the structural axes are presented, and the correctness of the formulation
is demonstrated numerically in studies of longitudinal maneuvering of an example forward-swept-wing airplane
at constant forward velocity. Although the paper assumes constant airspeed in the basic developments, it con-
cludes with discussions of aeroelastic speed derivatives and aeroelastic effects on drag. The paper assumes
quasisteady equilibrium of the structure with its applied loads throughout.

Nomenclature

A =aeroelastic deflection amplification factor

a = flexibility, ar is free-body flexibility

ag = amplitude of motion of support reference point

a, = airfoil two-dimensional lift curve slope

B = aeroelastic load amplification factor

b =reference span

C =generalized aerodynamic force coefficient: C; is in-
ertial value, C, is angular rate value, C, is incidence
and control surface value, C,, is incidence rate value,
C, is initial value

C, =experimental control point force coefficient

c, = complex oscillatory aerodynamic influence
coefficient

Chs = static aerodynamic influence coefficient

C, = aerodynamic pitching moment coefficient

C, = aerodynamic normal force coefficient

c =mean aerodynamic chord

e, =local lift curve slope

EI = bending stiffness

F =control point force: F, is aerodynamic force, F; is
inertial force

GJ =torsional stiffness

g =acceleration of gravity; structural damping
coefficient

H = generalized reference deflection: H, includes steady
angular rates, H, includes changes in incidence and
control surface rotations, H, includes incidence
rates

h = control point deflection: A, is flexible deformation,

h,, is relative to mean axis, 1y is due to rigid body
modes, A, is due to rigid displacements, 4, is initial
value
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=unit matrix

= pitching moment of inertia about support reference
point

= horizontal tail setting

=reduced frequency

=mass; Mach number

= generalized rigid body mass

=normal load factor

= pitch rate

= dynamic pressure

=inertial relief factor

=real part of complex variable

=reference surface area

=static unbalance about support reference point

=time

= velocity

=perturbation velocity

=distance from support origin to center of gravity,
positive forward

=deflection of origin of structural support, positive
downward

=incidence (angle of attack): «,, is incidence of mean
axis, « is incidence of structural axis

=incidence rate defined in Eq. (38)

=sideslip angle

C, =supplementary incidence coefficient

C, =supplementary rate coefficient

= control surface rotation

= pitch angle of mean axis

=planform sweep angle
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Subscripts and Superscripts
=0/dx
=8/3(&c/2V)
=9/3(6c/2V)
=0/0(2,/8)
=94/d(0c/2g)
=3/9(v/V)
=intercept value at zero incidence
) =d( )/dt
By =d3( )/de
)” =denotes FLEXSTAB value
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Matrices

1 =square
[1T =transpose
[1-' =inverse
{} =column

Introduction

HE use of a mean axis system as a reference for the equa-

tions of motion has been a standard in vibration and flut-
ter analysis of unrestrained vehicles for many years. In 1962 a
comprehensive statement of the various structural dynamics
problems of the unrestrained vehicle was given by Bis-
plinghoff and Ashley! using a centroidal mean axis system.
The use of attached, mean, and principal axes was discussed
by Milne in 19642 and the distinction between mean and prin-
cipal axes was further clarified in 1968.° The mean and prin-
cipal axes are the same when transverse displacement is the
primary degree of freedom, i.e., when rotatory inertia effects
can be neglected (as we assume in the present development).
The use of a mean axis system in flight mechanics was further
refined in the FLEXSTAB computer program developed by
Dusto and his associates at the Boeing Co. from 1968* to
1974.°> The conclusion from those investigations was that
mean axes, rather than attached axes, must be used in the
equations of motion.

In 1965 Wykes and Lawrence® utilized both mean and at-
tached axes in a study of aerothermoelastic effects on the
stability and control of a typical canard-delta configuration.
Their ‘“modal technique” used the mean axes and their
““/direct influence coefficient technique’® used the attached
axes. Wykes and Lawrence recognized both the need for the
mean axes and the difficulties associated with the attached
axes: ‘‘The main problem stems from the fact that it is very
difficult to obtain readily a transformation relating the angle-
of-attack reference used in the influence coefficient problem
analyses to the angle-of-attack reference of the dynamic
stability problem formulation. In the influence coefficient
analyses, the angle-of-attack reference was a line tangent to
the wing surface slope at the wing apex. This was a convenient
choice, for it permitted the most expedient joining of vehicle
component effects to form the whole. In the dynamic stability
analyses, the reference line for angle of attack was a body axis
related to mass characteristics and rigid vehicle main lifting
surface orientation. This axes system was the one for which
the equations of motion were written. It is pertinent also to
emphasize that this axes system is the same one used for the
modal analyses described earlier. For this reason, the diffi-
culty being discussed is avoided in the modal technique and
constitutes another advantage in its application in connection
with most dynamic aerothermoelastic problems. Although one
does know the orientation of the velocity vector (and, conse-
quently, the angle of attack) with respect to the reference
system attached at the wing apex, the relationship difficult to
define is the angle between the flexible vehicle wing apex axes
and the equations of motion axes.”’

In spite of all the foregoing developments, two textbooks
and one NASA report have appeared subsequently that prefer
the convenience of the attached axes without regard to the re-
quirements for the mean axes. In his two books on airplane
flight dynamics, where Roskam’# addresses stability and con-
trol of the elastic airplane, he chooses the origin of the at-
tached axis system at ‘‘a reference point in the jig shape”
which ““is also the material point that represents the center of
gravity (c.g.) of the jig shape.”” The facts that there may be no
structural connection to the c¢.g., and that the ¢.g. does not re-
main fixed during a mission, are not addressed. Then, Kemp®
chooses the origin of his attached axis system at 33% of the
mean aerodynamic chord because the structural influence
coefficients (SIC’s) used in a Boeing study of a high-
performance supersonic transport airplane configuration were
fixed there. However, he notes that ‘‘when a complete and
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consistent set of stability derivatives is used in the equations of
motion derived from the conditions for dynamic equilibrium,
the reactions at the fixity point vanish and the deformed shape
at any instant is, in a coordinate-free sense, independent of
fixity point location.”’

References 7-9 have one assumption in common: that the
solution to the equations of motion will be invariant with the
choice of support system used to determine the SIC’s if this
support system is unloaded in the unrestrained flight condi-
tion. This is a necessary and sufficient condition for a trimmed
loads solution only, and the loads solution of Rowan and
Burns!? is, therefore, correct. However, it is not sufficient for
the maneuvering solution. The conditions for a correct
maneuvering solution require not only an unloaded support
system but also, and obviously, that the moment equals the
rate of change of angular momentum. These conditions will be
realized if the mean axis formulation of the equations of mo-
tion is employed. However, an alternative formulation that re-
tains the convenience of an arbitrary attached axis system can
still be used if the location of the mean axes is duly noted in
the formulation. This alternative formulation is the subject of
the present paper.

The attached axes will be called structurai axes in this paper
because they will be referred to the statically determinate sup-
port system for which the SIC’s are determined, and, in
general, the assumption of constant forward velocity will be
made here, although the problem of calculating speed
derivatives for lift and moment by numerical differentiation
of the present results will be discussed briefly.

Aeroelastic Characteristics of a Restrained Vehicle

For the analysis of the aeroelastic characteristics of a
restrained vehicle the vehicle flexibility can be represented by a
matrix of SIC’s which permits the calculation of the structural
deflections relative to a statically determinate support system
[the SIC constraint points(s)] located conveniently within the
vehicle (e.g., near the intersection of primary wing and
fuselage structural components). The aeroelastic analysis must
consider not only the aerodynamic forces that arise from vehi-
cle incidence and control surface rotations but also the
aerodynamic forces that arise from the deflections (considered
as initial deflections such as camber and twist) caused by the
inertial forces that would exist in free flight. This approach
leads to a series of inertial aeroelastic coefficients correspon-
ding to unit dimensionless accelerations in addition to the
more conventional aeroelastic coefficients. An example of this
approach is given in Sec. 8-3 of Ref. 11, in which the effect of
normal load factor on a wing is considered.

The net force distribution {F} acting on a flexible lifting
surface or body is the difference between the aerodynamic
forces {F,} and the inertial forces {F;},

(F1=1F,) - {F}) 0

The aerodynamic forces are found from experimentally cor-
rected,} steady aerodynamic influence coefficients (AIC’s)
[C),] defined in Ref. 12, and a set of experimentally deter-
mined control force coefficients {C,}.

LF ) =(gS/¢ ) Cyl th) +4S(C, ) 2

The use of the experimental force coefficients may be
necessary to account for aerodynamic effects that are not
predictable, such as some interference loads, or not accurately
predictable, such as camber loads. The inertial forces are

1A premultiplying correction matrix derived from experimental
data on loads arising from vehicle rotations of incidence and control
surfaces is discussed in Refs. 12 and 13. Reference 13 also considers a
postmultiplying correction matrix.
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found from the mass matrix [M] and the accelerations
(F;} = [M]{h)} (3)

The accelerations are written in terms of the rigid body modal
matrix [Agz] of Ref. 14 and the accelerations of a reference
point in the SIC support system, and by neglecting any
dynamic structural response

(A} = [hg]ld,) “

The accelerations {d,} are assumed to be known.

The deflections {#} are given by the sum of the deflections
of the rigid vehicle {A,}} and the flexible deflections {A,}
relative to the support system.

{h}={h )+ {hy) %)

The last equation required for the aeroelastic analysis is the
flexibility relationship. The flexible deflections are found
from the SIC’s [a] and the net forces.

{hy) = [al {F)} ©

Substituting Eqs. (1-5) into Eq. (6) permits solution for the
flexible deflections

{hey=1[A]llal {F,} )
where {F,} is the net force distribution on the rigid vehicle
{F,}=(gS/O) [Cyl th, ) +¢S{C.} — IM] [hg] tds} (8)

and [A] is the aeroelastic deflection amplification (or at-
tenuation) matrix

[A1=([11—-(gS/e)[al [Cys]) ™! ®

The net force distribution on the flexible vehicle is obtained
by substituting Eqgs. (2-8) into Eq. (1)

(F}=[BI{F,} (10)

where [B] is the aeroelastic load amplification (or attenua-
tion) matrix
[B]l=1[11+(gS/¢)[CyilA]la] (11a)

=([1]1 - (gS/¢)[Cy1la]) ! (11b)

The alternative form for [B] shown in Eq. (11b) would have
been obtained if the order of solution for {/,} and {F} above
had been reversed. The use of Eq. (11a) is more computa-
tionally efficient since a second matrix inversion is not re-
quired. A singularity in [A] (and [B]) occurs at the eigen-
values of

(¢/8q) {hs} = [a] [Cys] hy} (12

(Note that Egs. (9) and (11b) have identical singularities.)
Aceroelastic divergence of the restrained vehicle corresponds to
positive values of ¢/Sq.

The analysis of equilibrium and the determination of stabil-
ity derivatives requires the generalization of the initial deflec-
tions {4, } introduced above. It is written

{h.}=the}+ [R/H,{H,}+ [h/H,]{H,} (13)

§These deflections arise from a number of sources: built-in twist,
camber, or thermal distortions; changes in incidence or control sur-
face rotations; steady angular motions. A number of terms to account
for these effects separately are introduced in Eq. (13).
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The first term {A,} accounts for initial deflections such as
camber and twist, and thermoelastic deflections which may be
important in flight at high supersonic speeds at low altitudes.
The second term accounts for changes in incidence and control
surface deflections; e.g., if in the longitudinal case the
elements of {H,} are angle of attack and elevator rotation,
then the elements of the first column of [A#/H,] are stream-
wise distances of the aerodynamic control points from the
pitch axis, and the second column consists of non-zero
elements on the control surface equal to the streamwise
distances from the hinge line. The third term in Eq. (13) ac-
counts for steady angular velocities, such as pitch rate or roll
rate; e.g., if one element of {H} is pitch rate, the elements in
the corresponding column of [4/H,] are proportional to the
square of the streamwise distances of the aerodynamic control
points from the pitch axis."

The rigid body modal matrix [4g] also provides the basis
for the equilibrium condition, viz., that there are no net resul-
tant forces in any direction or resultant moments about any
axis, i.e.,

[Ag]1T{F} =0 (14)

Substituting Egs. (8), (10), and (13) into Eq. (14) leads to the
basic equilibrium equation which can be written

GS(1Cy) + [C,1{H, ) + [C,) {H,)
+1C) (d,))— [9M] {d,} =0 (15)
where the initial coefficient matrix is
(Co) = [h1T[BI(/O) [Chl the) +{C.])  (16)
the incidence coefficient matrix is
[C,1=(1/6)[hg]T[B][Cy] [/H,] + [AC,]  (17)
and the angular rate coefficient matrix is
[C,1=(1/) he1T[B1(Cy] [A/H, ]+ [AC,]  (18)

We have introduced a supplementary incidence coefficient
matrix [AC,] and a supplementary rate coefficient matrix
[AC,] above because there are certain theoretical difficulties
in estimating lateral-directional stability derivatives from
AIC’s (e.g., the wing rotary cross-derivatives and the adverse
yawing moment from ailerons). These supplementary matrices
must be obtained from other considerations than those
presented here. The aerodynamic loads induced by inertial
forces have been separated from the rigid body inertial forces
so the inertial coefficient matrix is given by

GSIC;1 = [hg1" (111 - [B])[M] [ hg] (19a)
= —(qS/¢) [hg]T[Ci ] [A] [a) [M] [hg] (19b)

and the rigid body inertial matrix is
(O] = (g ) " [M] [hg] (20

Unsteady aerodynamic effects, contained in & and 8-
derivatives, have not yet been considered in the present
development. They may be obtained by using complex AIC’s
[C,], defined in a similar manner to [C,,], and utilizing the
method of Ref. 15. Accordingly, Eq. (15) will be extended to
include these effects by adding the term [C,]1{H,}. The
method of Ref. 15 leads to the rigid &- and $- loadings which,
when introduced into the foregoing development, result in the
expression

[Csl=—RE(1/2k*) [hg ) T[B]1C;1 [h/H,] 21
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where k is the reduced frequency based on some characteristic
frequency of the vehicle, e.g., the short period mode or Dutch
roll mode, for which the oscillatory AIC’s are obtained, and
the columns of [A/H,] are the displacements for unit plung-
ing for & and unit sidesway for 3. The extended form of Eq.
(15) then appears as

GS({Co} + [C 1 {H ) + [Co 1{H, } + [Cy 1 {H, )
+[C 14 ) - [M] {4} =0 (22)

The stability derivative data are all contained in the coeffi-
cient matrices in Eq. (22). Some of the terms in these coeffi-
cient matrices are dimensional and obtaining dimensionless
aerodynamic coefficients from them depends on the rigid
body motions considered. Different reference lengths are used
to nondimensionalize the longitudinal coefficients from what
are used for the lateral-directional coefficients, viz., the
reference chord ¢ in the longitudinal case and the reference
span b in the lateral-directional case. In the longitudinal case,
the trim parameters are angle of attack «, and elevator deflec-
tion & so

(H,}= {O;} @3)

and the rigid body degrees of freedom are plunge and pitch so
that

— Cza C25 ]
[C.] [Cma ¢ e 24)

Just as the incidence and control effectiveness derivatives
are found from [C,], in a similar manner the initial
aerodynamic derivatives can be found from {C,} and the
aerodynamic damping derivatives can be found from [C,]
and [C,]. Finally, the aerodynamic inertial derivatives are
found from [C;]. In the longitudinal case

ta)={%} es)

and if we define dimensionless inertial derivatives by

C,=C,,(3,/8) + C,; (0¢/2g) (26)
and
Cp=Cop, (4,/8) + Cpn (6¢/28) @7
we find
_1c,. C, gc' ]
[C;] - [sz_é Cmg- 6 2 (28)

The FLEXSTAB Formulation

for the Unrestrained Vehicle
It can be inferred from the FLEXSTAB documents,** that
the foregoing development for the restrained vehicle also ap-
plies to the unrestrained vehicle if the free-body flexibility

matrix [ay] replaces the restrained SIC’s where

lap]l =[R][al[R]T 29

and [R] is the inertial relief matrix
[R}=1[11—[he] [M] ! [Ag]"T[M] (30)
Substituting Eq. (29) into Egs. (9), (11), and (16-18) leads to
aerodynamic coefficients for the unrestrained vehicle; the in-

ertial coefficients, Eq. (19), do not exist in the FLEXSTAB
formulation because all inertial relief effects have been ac-
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counted for in the free-body SIC’s. Equation (22) (with the
term [C;]{d} deleted) becomes the equation of motion and
{d,} is the set of accelerations of a point on the mean axis at
the longitudinal location of the origin of the support system,
and it then appears as

gSUCH + [CIMH + [CI{H)
+[CJI{HGY) - [M] (4} =0 31

where the doubly primed coefficients are the FLEXSTAB
values (see Ref. 16 for an alternative derivation of the FLEX-
STAB coefficients beginning with the restrained values of the
preceding section).

Maneuvering of an Unrestrained Vehicle

Equation (31) is the correct equation of motion for the
quasisteady maneuvering vehicle. However, Eq. (22) was im-
plicitly assumed to be valid in Refs. 7-9, but, as noted in the
Introduction, it contains no reference to the mean axis. The
problem has been succinctly summarized by Letsinger: “If
angular accelerations are not measured with respect to the
mean plane,...equations 1 and 2 [Eq. (22) here] will not be
valid. The motion of the axes system will not represent the mo-
tion of the airplane. Figure 2 [Fig. 1 here] illustrates the prob-
lem. Three possible clamp locations are shown. A ‘clamped
axis’ is shown at each clamp point. If the load on the airplane
is changing, the airplane shape is also changing. If the airplane
shape is changing, the three clamped axes are rotating relative
to each other. Therefore, no more than one of the axes shown
can possibly have a pitch acceleration time history propor-
tional to the pitching moment time history. Or, at any given
instant, no more than one clamped axis can have a pitch rate
proportional to the angular momentum of the system. In
general, the clamped axes system does not relate to the equa-
tions of motion.””!’

Accordingly, the accelerations {d,} in Eq. (22) are inter-
preted to be the accelerations of Eq. (31), i.e., of a point on
the mean axis at the support station. Then, since the equations
of motion now contain the angle of attack at the support and
the rotation angle of the mean axis, a relationship is needed
between the angles; this is the relationship that Wykes and
Lawrence® did not obtain (see Introduction). Figure 2 il-
lustrates the geometry.

The deflections of the structure relative to the mean axes
{h,, ] may be written

{hn} =1{h) + [hrl{as) (32)

in which {a,} now represents the set of displacements (transla-
tions and rotations) of the support point relative to the mean
axes. The requirement for the mean axes is that deformation
occurs about them such that the center of gravity does not
move and the axes do not rotate.>? In terms of the rigid-body
modal matrix and the mass matrix, this condition is expressed
by

[hr1T[M](h,}=0 (33)
Equations (32) and (33) lead to
{a;) = — [M] -1 [hg] T [M] {h) (39

The rotations of the structural axes relative to the mean axes
are given by certain elements of {a,}. If the deflections {h}
are calculated independently for each source of loading, viz.,
initial deflections, incidence and control surface deflections,
angular rates, and accelerations of the support point, via
Eq. (7) for the restrained vehicle, then the values of the ap-
propriate rotational elements in {a,}, properly adjusted in
sign, can be used as coefficients in the following equation for
the angles of attack (longitudinal and sideslip) of the
longitudinal mean axis.
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{0} = (g} + [, /0] {H ) + [t /3] L H L}
+ [8a,,/0q] {H,} + (e, /0] () (35)

It will be demonstrated by numerical calculations that Eq.
(22) coupled with Eq. (35) is equivalent to Eq. (31). An exam-
ple airplane in a typical pitch maneuver will be investigated us-
ing three significantly different support configurations and the
solutions will be compared to the FLEXSTAB solution.

The Quasisteady Longitudinal Equations of Motion

We now rewrite Egs. (22) and (35) for the case of
longitudinal motion so that specific details in their solution
will become apparent. Equation (22) is expanded to read

- C C C o C, C
s({Ged G @l 16 ]
Cn€ Cn C Crny€ 6 Cny € C,,,qc
(i lG, & )
0c/2vV Cny€ Cpg€ 1L 06¢/2¢g

e

Equation (35) becomes

Uy = Qi + 0y O+ am66+amd &c/2V+ amqéé/ZV
+ 0ty 2/ + 072V 37

The rate of change of angle of attack is proportional to the
centripetal acceleration of the vehicle, and is given by

a=(Z,— %0+ VO +gcosd)/V (38)

where X is the distance from the origin of the support to the
center of gravity. Since & arises from plunging of the vehi-
cle,’® it must be invariant with the choice of structural axis,
and using the centroidal acceleration in Eq. (38) leads to that
invariance. That Eq. (38) is correct is also demonstrated in the
study of the different structural axes in the example maneuver
below.

The solution of Egs. (36) and (37) requires their combina-
tion into a single matrix differential equation that results from
the elimination of «. Substituting Eq. (38) into Eq. (37) and
solving for oy yields

ot = (1/aty Yoty = oty = (o, + 0l Y6é/2v
~ Qo V2 4y C8)Es/28V?
— (g V2~ Xg)0C/ 28V~ CgCOSO/2V?] (39)

Substituting Eqgs. (38) and (39) into Eq. (37) eliminates o and
the equations of motion become

[s: 716} -as(led

my

(& & 03 (&)
+ la %8 + _*gq —
Crgf Cr il Cp,Co2V (40)

Moy
where
M=M-— [Cz:}:/gntCz(_uc'/ZVZ
—Cza(Zaminﬂ-amdég)/Zszama]QS 41)
S =S,— [Czéc‘/Zg—CZ(_"E)Z/ZV2

-C,, (améw—amdig)é/ZgWama](}S (42)
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Fig. 2 Geometry of deformed flight vehicle.

S$,=8,~[Cp,/g+Cp /21

—Cp, Qo V? +ay, c8)/28Vay, 145¢ 43)
I=I,— [Cpny€/28~Chp, CX/2V?

—Cp, (V2 —ay, %g)E/2V2a, 14S¢ (44)

Coy=Coy = C 0ty /0t

+ (¢T¢'x —Czaa'"a /ay, Yégcosh/2V? (45)
Cing =Crmy = Cin, ¥my/ U,

+(Cp = Cpy O, /Oy )CgCOSO/2V? (46)

éza =C, /oy, “n

Cun,=Cum,,/m, (48)

625 = Cz5 - Cza Ay /Oy 49

C’m5=Cm6—Cmaam5/ama (50)

C’zq :Czq +C,, —Cy, (oz,,,q tap )/ oy, (62))

Cmq =Cpy+ Cry = Cp (i, 0ty Nty (52)

The solution of Eq. (40) is a routine problem in numerical
integration. The Runge-Kutta method was used in the example
problem after the equation was rewritten in state-variable
form (the computer program utilized also has the capability of
including autopilots). The initial conditions on «,, and § are
provided by the level flight trim solution, and the angle of at-
tack is updated during the integration via

4
a,=(1/V) SO (2, + VO + gcostdr (53)

An Example of a Forward-Swept-Wing Configuration

The example problem selected is a forward-swept-wing
(FSW) configuration with a gross weight of 16,000 Ib because
of its importance in the current literature on static aeroelastic-
ity. An extremely idealized configuration is shown in Fig. 3.
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Fig. 3 Idealization of FSW configuration.

The wing has an aspect ratio of 4.0, no taper, no twist or
camber, and a forward sweep angle of 30 deg; the canard has
an aspect ratio of 1.0 and no taper, twist, camber, or sweep.
The chords of the wing and canard are both 10.0 ft; the
reference chord is chosen as ¢=10.0 ft and the reference area
is =400 sq ft. The semispan of the wing is divided into two
equal-width strips, as shown on the left wing in Fig. 3, for
analysis by strip theory and the canard is analyzed as a single
strip. Aerodynamic forces on the fuselage are neglected. In the
subsonic strip theory for the wing and canard, a rigid chord is
assumed§ and the approximation for the the strip lift curve
slope ¢, =aqcosA is utilized where g, is the airfoil lift curve
slope and \ is the sweep angle; a, is taken as 5.0 per rad. The
right wing in Fig. 3 shows the structural idealization. Four
weights on each wing semispan are located along the
centerlines of their respective strips and at the one-quarter and
three-quarter chord locations, and are assumed to be con-
nected to the 50% chord elastic axis by rigid streamwise bars.
The weights are assumed to be 600 Ib forward and 400 1b aft,
giving a wing centroid at 45% of the wing chord. Each wing is
assumed to be uniform with equal bending (ET,) and torsion
(GJ) stiffnesses of 25 x 107 1b-ft? and connected at its root to
the fuselage. The fuselage is assumed to have the same bend-
ing stiffness as the wing and is shown with four equal and
equidistant weights (1500 lb each per side); the fuselage length
is 30.0 ft. The total weight per side is 8000 lb, the center of
gravity is 12.82 ft forward of the intersection of the fuselage
and wing elastic axis, and the centroidal moment of inertia in
pitch per side is Iyo =892,900 lb-ft2.

Three structural support configurations are investigated to
maximize the magnitudes of variations in the stability deriva-
tives and response characteristics: one is a clamp at the for-
ward end of the fuselage, the second is a clamp at the center of
gravity (in order to assess Roskam’s recommendation), and
the third is a clamp at the intersection of the wing elastic axis
and the fuselage centerline.

Vibration and flutter analyses have been performed on the
example airplane to determine a speed regime for the
maneuvering study in which the airplane is stable. The first
three unrestrained frequencies are 9.886, 18.40, and 43.22 Hz.
The modes are highly coupled and not readily described,
although the first two appear to be primarily first wing bend-
ing and first fuselage bending, respectively. The flutter
analysis utilized the British flutter method in NASTRAN, 8
assumed strip theory aerodynamics with the W.P. Jones ap-

€The assumption of only two chordwise control points on the lifting
strips precludes accurate evaluation of the g-derivatives since the pitch
rate is equivalent to a static parabolic camber deflection.!’
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Fig. 4 Control input and maneuvering accelerations.

proximation to the Theodorsen function (in order to avoid the
singular effects of the Theodorsen function at low reduced fre-
quency), and structural damping coefficients of g=0.02 in
each mode. The flutter speed at sea level was found to be 1310
ft/s which corresponds to a dynamic pressure of §=2040 psf.
The flutter mode is a coupling between rigid body pitch and
the first vibration mode; the flutter frequency is 4.48 Hz. This
flutter mode is similar to that observed in the design studies of
Miller, Wykes, and Brosnan.!?

The example maneuver assumes a dynamic pressure of
g =1200 psf which corresponds to V'=1005 ft/s and a Mach
number of M =0.90 at sea level. Four sets of derivatives were
determined for this flight condition: three sets were for the
airplane restrained at the forward point, at the centroid, and
at the aft point, and one set was for the unrestrained airplane
calculated by the FLEXSTAB method. The &-derivatives were
determined for the approximate short-period reduced fre-
quency of k=0.07. Space does not permit tabulating these
derivatives. The example control inputs are shown in Fig. 4.
The airplane is in trimmed level flight for 0.10 s with an angle
of attack «,, =0.128 deg and canard position 6=0.611 deg.
Then a pullup is initiated and the control input rotates the
canard at 50 deg/s to 3.611 deg at 0.16 5. At 0.66 s a pushover
is begun and the canard position reaches —2.389 deg at 0.78 s.
At 1.28 s the control is reversed and returns to the trim posi-
tion at 1.34 s. The time histories of centroidal load factors and
pitching accelerations using the four sets of stability
derivatives and «,,,-derivatives are found to be identical in five
degree-of-freedom maneuvering analyses. The basic data were
calculated with six significant figures and between
five and six significant figures were found to agree among the
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four sets of response accelerations. The common results from
the four separate calculations are tabulated in the second col-
umn of Table 1 and are also presented graphically in Fig. 4.

We may now evaluate the consequences of disregarding the
requirements for the mean axes, i.e., if we assume that «,,, =
in Eq. (36), as is implied in Refs. 7-9. In this case, all the «,,-
derivatives vanish except for dc,,/3a=1.0 in Eq. (37). The
resulting incorrect solutions for the three different structural
supports are tabulated in the last three columns of Table 1 and
should be compared with the correct solution in the sec-
ond column. In this example, the differences are not dramatic,
and the assumption that «,, =« is not an unreasonable ap-
proximation. However, in general, the magnitudes of the dif-
ferences would be expected to be configuration dependent.
The accuracy of the assumption «,, = o could be a subject for
further investigation on more practical configurations, but the
present development should make the assumption no longer
necessary.

The Speed Derivatives for Lift and Moment

Although the assumption of constant forward velocity has
been made throughout the preceding development, the speed
derivatives for lift and moment are readily found from the
foregoing. The lift and moment coefficients at trim are func-
tions of the incidence variables, accelerations (7 = gcosf, § =0),
Mach number, and dynamic pressure. If the trim airspeed V'is
perturbed by an amount v, the speed derivative is defined by

C(0,6,2,M,q)
C,=—F———~ 54a
v a(v/V) v=0 (o42)
v aC oM L aC 0dq (54b)
T M Qv g v
which becomes simply
aC aC
Cy=M—+2—— (55)
oM aq
At trim, the lift coefficient is
C.=C+C, a5+ C, o+ Czé.cosa (56)
so the speed derivative for lift is
acC, acC, ac, aC,
C, =M—24+25—"+ (M % 4 2G ")
w =M T T\ Mo T g
s ( aC,, 5 acz§> ] MacZz_. 5 aczi_) 57)
+6 | M- +2——) + +24
am Tagq ) TN oM T g
0.8 |- ®
5 A
0.6 — v 4
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Fig. 5 Drag polar of flexible wing.
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Table 1 Accelerations during maneuver for various SIC supports

Centroidal load factor, n,(g’s)

Correct Incorrect solutions
solutions assuming o, =oy
FLEXSTAB Forward Centroidal Aft

t(s) et al. fixity fixity fixity
0.10 1.0 1.0 1.0 1.0
0.16 2.996 3.346 2.912 2.876
0.36 6.768 6.611 6.811 6.784
0.66 5.631 5.708 5.601 5.235
0.78 0.836 0.388 0.955 1.095
0.96 —5.619 —5.300 —5.706 —5.639
1.28 —3.726 —3.818 —3.682 —2.937
1.34 —1.987 —1.597 —-2.071 —-1.525
1.40 -0.916 —-0.762 -0.972 -1.116
1.60 1.763 1.568 1.828 2.086
1.80 0.697 0.821 0.657 0.602
2.00 1.120 1.054 1.140 1.071

Pitching acceleration, §(deg/s?)

Correct Incorrect solutions
solutions assuming o,, = o
FLEXSTAB Forward Centroidal Aft
t(s) et al. fixity fixity fixity
0.10 0.0 0.0 0.0 0.0
0.16 144.0 127.1 148.0 149.8
0.36 —54.7 —46.2 -57.0 -58.8
0.66 4.3 0.6 5.8 25.7
0.78 —233.2 -212.5 —238.7 —246.5
0.96 99.0 82.0 103.8 106.4
1.28 1.3 5.4 -0.8 —-39.9
1.34 157.6 138.1 161.9 135.6
1.40 93.2 86.6 95.7 105.1
1.60 -37.3 —-27.5 —40.7 —56.9
1.80 14.9 8.5 17.0 22.3
2.00 -5.9 —2.5 -7.0 -4.9

The speed derivative for moment is given by a similar
expression.

The derivatives with respect to M and ¢ may be obtained
numerically, as suggested by Kemp® by using the central dif-
ference formulas

IC  C(M+AM, §)—C(M—AM,q)
aM 2AM

(58)

0C  C(M,g+A§)—C(M,q—Ag)
G 2AG

(59)

The small perturbations AM and Ag must be large enough that
the close differences do not lose significance.

Concluding Remarks

The correct formulation of the equations of motion of an
elastic flight vehicle has been presented for the case in which
the structural flexibility is given in terms of a flexibility matrix
of the vehicle restrained in a statically determinate manner.
The relationship that has been missing in previous analyses of
the problem has been established in the rotations of the mean
axes relative to the structural axes as caused by each
aerodynamic and inertial loading. The modified form of the
equations of motion that resuits from inclusion of the mean
axis rotations has been presented, and the correctness of the
formulation has been demonstrated by identical numerical
results from four case studies of longitudinal maneuvering of
an example forward-swept-wing airplane using the mean axis
formulation (FLEXSTAB) and three significantly different
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structural axis formulations. The errors consequent to
disregarding the requirements for the mean axes have been
evaluated on the example airplane for the three different struc-
tural axes, but it is noted that the errors would be configura-
tion dependent.

The longitudinal equation of motion has not been men-
tioned since it was secondary to our basic concerns, although
aeroelastic speed derivatives have been discussed briefly.
Aeroelastic effects on drag are another matter. It is commonly
assumed %2021 that these are negligible. This is not entirely the
case. Aeroelastic effects seem to have a negligible effect only
on the drag polar of the individual components of an airplane
but not for the entire vehicle trimmed drag polar, as has been
shown by an elementary analysis in Ref. 22. A drag polar
measured? on a low-speed aeroelastic (flutter) model of the
Douglas XA3D-1 airplane is presented in Fig. 5 for an in-
termediate horizontal tail setting (i, = 1 deg; settings of i, = —2
deg, +4 deg and tail-off were also measured). Since only the
wing was flexible on the model, the data of Fig. 5 support the
conclusion of Ref. 22 that the component drag polar is not af-
fected by flexibility. However, the trim drag requires further
investigation. A theoretical investigation would require an ac-
curate aerodynamic method for estimating induced drag on
flexible surfaces, such as the subsonic quasivortex lattice
method of Lan.?

This analysis has assumed quasisteady structural equi-
librium during maneuvering. However, if the controls are
moved abruptly, dynamic structural effects and aerodynamic
lags may be significant. Dynamic structural effects can be
added to the formulation by the mode acceleration method for
transient response and aerodynamic lags can be added by the
Padé approximant method of representing transient
aerodynamic loading. The addition of dynamic structural ef-
fects to the longitudinal equation of motion would also result
in small aerodynamic propulsion terms that could be ob-
tained, e.g., from the unsteady version of Lan’s method.?
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